Abstract-The purpose of this paper is to study the dynamics of a quantum coherent feedback network composed of two twolevel systems (qubits) driven by two counter-propagating photons. The coherent feedback network is a marginally stable system, and the spectral entanglement of photons could be enhanced as a consequence of the continuing two-photon interaction inside the feedback loop. By means of quantum stochastic calculus and the input-output framework, the analytic form of the steady-state output field states are derived in the Heisenberg picture for the first time. Based on the analytic form, significant enhancement of photon-photon interaction can be observed. In particular, we demonstrate that the famous Hong-Ou-Mandel effect can be created using this coherent feedback structure. The proposed framework is also applicable in the single-photon scenario.
I. INTRODUCTION
The last two decades have witnessed rapid advances in experimental demonstration and theoretical investigation of quantum control systems due to their promising applications in a wide range of areas such as quantum communication, quantum computing, and quantum metrology [15] , [1] , [50] , [35] , [27] , [7] , [21] , [32] , [39] , [55] , [54] , [5] , [6] , [16] , [52] , [2] , [3] , [58] , [42] , [57] , [44] , [38] , [37] , [13] . Within this program quantum linear systems play a prominent role. Quantum linear systems are characterized by linear quantum stochastic differential equations (linear QSDEs), and have found applications in quantum optics, opto-mechanical systems, circuit quantum electro-dynamical systems, atomic ensembles, etc.. From a signals and systems point of view, quantum linear systems driven by Gaussian input states have been well studied; results like quantum filtering and measurement-based feedback control have been well established [54] .
In addition to Gaussian states there are other types of non-classical states, for example single-photon and multiphoton states. Roughly speaking, a light field is in anphoton state if there is a definite number of photons in this field. A continuous-mode -photon state are characterized by the frequency (or equivalently, temporal) profiles of these photons. Interaction between photons and quantum finitelevel systems has received considerable attention recently, as the precise control of the interactions between photons (flying qubits) and matter (stationary qubits) is fundamentally important for quantum information processing [28] , [29] , [33] , [46] . For example, single photon transistors and switches could be realized by engineering photon-matter interactions [10] , [11] , [36] , [30] . When photons are used to encode quantum information, the photon-photon interaction mediated by a quantum system can be explored to synthesize highfidelity controlled-phase (CPHASE) gates for quantum computing [8] , [9] . Moreover, engineered routing and scattering of single photons could provide a scalable way for implementing quantum computation [12] . Due to their promising applications in quantum information and communication, the nonlinear dynamics of few-photon scattering by finite-level systems has been studied extensively. For example, single-photon filters have been derived in [22] , [14] . The multi-photon version has been given in [48] , which contains as a special case the multiphoton master equations studied in [4] . The problem of fault tolerant and fault detection for systems driven by single photon states has been studied in [18] . The problem of single-photon storage in linear networks has been investigated in [56] .
Photon-matter interactions can be enhanced if photons are confined to small volumes in space such as cavities, optical fibres and one-dimensional waveguides. Waveguides can be realized in photonic nanostructures, or transmission lines in superconducting microwave circuits [46] , [33] . Due to the multimode nature of these devices, a continuous-mode analysis of photon states is necessary; i.e., in these systems, the frequency distribution (in other words, the pulse shape) of the wavepacket of photons is an important factor for efficient photon-matter interaction. For example, in an ideal situation an inverting pulse is able to excite a two-level atom fully, but on average, the maximum excitation probability of a Gaussian pulse is 0.8 [49] , [53] , [56] , [41] . In [47] , two-photon transport properties in a one-dimensional waveguide coupled to a two-level system have been studied. The exact scattering matrix is constructed by means of a generalized Bethe-ansatz technique. In [17] , the authors studied the transport of one and two photons in a nanophotonic waveguide with an embedded two-level system. The exact forms of the scattering matrix is derived by combining the scattering matrix theory and the input-output formalism [20] , [21] , [54] . This problem has also been studied in [40] from a QSDE approach. In [43] , a detailed study of stimulated emission of an excited atom in a waveguide driven by a single photon was presented, where the interplay between the frequency bandwidth of the input single photon and the atom-photon coupling strength has been investigated. In [45] , the author showed that the asymmetric coupling between a two-level system and a photonic waveguide improves the bunching of the two photons, thus the proposed scheme can be used to realize an optical diode. The general multi-photon case has been studied in [59] . Experimental studies on photonatom interactions can be found in, e.g., [10] , [11] , [51] and recent survey papers [46] , [33] .
In this paper, we investigate the dynamics of a coherent feedback network composed of two two-level systems; Fig. 1 . The feedback network has two input channels, each containing one photon described in terms of its continuous-mode pulse shape. This coherent feedback network could be realized in waveguide quantum electro-dynamics (QED) devices. A significant feature of the coherent feedback structure is that photons can interact multiple times inside the loop, leading to enhanced nonlinear effect. For this reason, this design can be viewed as a simplification of the N -site interaction structure proposed in [8] . Interestingly, the coherent feedback network studied here is not Hurwitz stable, actually it is marginally stable. Consequently, the initial system information has to be taken care of. The main result is an analytical form of the steady-state output two-photon state. To derive this output twophoton state, both Heisenberg picture and Schrödinger picture have to be used. On one hand, as the system dynamics are given by a set of QSDEs for system operators as well as output operators, we need to work in the Heisenberg picture and in the input-output formalism [26] , [19] , [21] ; on the other hand, to get the output field state from the input field state, we need the Schrödinger picture. The combination of these two pictures complicates the derivation of the exact form of the output twophoton state. Indeed, quite a few lemmas are pre-requisite of the main result, Theorem 1. In this paper, we also show that the proposed method is applicable to the single-photon case.
The rest of the paper is organized as follows. The coherent quantum feedback network and two-photon input state are introduced in Sec. II. The main result of this paper, an analytic form of the steady-state output two-photon state, is presented in Sec. III. In Sec. IV, it is shown that the proposed framework is also applicable to the single-photon input case. Numerical studies are carried out in Sec. V. Sec. VI concludes this paper.
Notation. x * denotes the complex conjugate of a complex number x or the adjoint of an operator x. The commutator of two operators X and Y is defined as [X, Y ] XY −Y X. For a column vector X = [x i ] with number or operator entries,
. I k is the identity matrix and 0 k the zero matrix in C k×k . δ ij denotes the Kronecker delta and δ(t) denotes the Dirac delta.
II. COHERENT FEEDBACK NETWORK AND INPUT STATE
In this section, we introduce the coherent feedback network, as is shown in Fig. 1 . We also introduce the two-photon input state for this feedback network.
A. Coherent feedback network
The coherent feedback network, as shown in Fig. 1 , has two inputs represented by annihilation operators b L and b R respectively. For simplicity, in this paper we assume that the central frequencies of these two input fields are the same, denoted by ω o . Moreover, we also suppose that the two twolevel systems G 1 and G 2 have the same transition frequency between the ground state and excited state, denoted by ω a . Thus, the detuning frequency is ω c = ω o − ω a . Moreover, in this paper we assume that G 1 and G 2 have the same coupling strength κ to the optical fields. The ground and excited states of G 1 and G 2 are |g j and |e j , (j = 1, 2) respectively. Let t 0 be the time when the system and its inputs starts to interact. What we are interested in this paper is the steadystate dynamics of the coherent feedback network in the limit t 0 → −∞ and t → ∞; i.e., the interaction occurs in the remote past and we look at the dynamics in the distant future; see e.g., [17] , [57] , [40] .
Define
The QSDEs for the two-level system G 1 are, [20] , [21] , [13] ,
Similarly, the QSDEs for the two-level system G 2 arė
In the above QSDEs, σ −,j and σ z,j are respectively the lowering operator and Pauli operator for G j , (j = 1, 2). More specifically, σ −,j = |g j e j | and σ z,j = |e j e j | − |g j g j |.
Consequently, the QSDEs for the coherent feedback network in Fig. 1 are
where
and
are input and output fields for the feedback network respectively. For the vector of inputs b in (t) in the time domain, we define its Fourier transform as
The inverse Fourier Transform is
Remark 1. As mentioned above, the initial time t 0 will be sent to −∞ later, thus Eq. (4) is indeed the conventional Fourier transform. The same is true for Fourier transforms of other operators or functions to be presented in the sequel.
is obtained by conjugating both sides of Eq. (4), specifically,
Noticing
and the commutation relation
we have
Similarly, we denote the Fourier transform of the vector of outputs
whose adjoint is
B. Two-photon input state
In this subsection, we introduce the input to the feedback network in Fig. 1 
The physical interpretation of ξ(t) is that |ξ(t)| 2 dt is the probability of finding the photon in the time interval [t, t + dt). Similarly, the input field b R is in the continuous-mode single-photon state b * R (ξ R )|0 R , where |0 R denotes the vacuum state of this field, and the operator b R (ξ R ) is defined to be
with ξ R ∈ L 2 (R, C) satisfying ξ R = 1. Therefore, the twophoton input field state is
respectively. Similar to Eq. (4), the Fourier transform of a function ξ ∈ L 2 (R, C) is
whose inverse Fourier transform is
Example 1. For the purpose of demonstration, we consider two single-photon states of Lorentzian-type pulse shape
which in the time-domain are
Here, ω o is the central frequency of the fields, as discussed in Subsection II-A. In particular, when γ L = γ R = γ, the two photons have the same pulse shape, ξ L = ξ R ≡ ξ, given by
for which γ is commonly called the full width at half maximum (FWHM); see, e.g., [34, Chapter 2] . It has been shown that a Lorentzian-type single-photon can excite a two-level atom fully; see, e.g., [49] , [53] , [56] , [41] .
More discussions on continuous-mode single-and multiphoton states can be found in, e.g., [34] , [4] , [48] .
III. STEADY-STATE OUTPUT FIELD STATE
In this section, we derive the steady-state output field state of the 2-qubit coherent feedback network driven two photons, described in the previous section. The basic set-up is presented in Subsection III-A, a key lemma is presented in Subsection III-B, the analytic expression of the steady-state output field state is derived in Subsection III-C, calculation of probabilities of finding photons in output channels are given in Subsection III-D.
A. Basic set-up
Let the two-level systems G 1 and G 2 be initialized in the ground states |g 1 and |g 2 respectively, and the input be in the two-photon state as given in Eq. (11) . Then the initial joint system-field state is
In the Schrödinger picture, at time instant t ≥ t 0 , the joint system-field state is
where U (t, t 0 ) is a unitary operator defined on the joint system+field system satisfying U (t 0 , t 0 ) = I (namely, the identity operator). In the steady state (t 0 → −∞, t → ∞), the two photons are in the two output channels, leaving the two-level systems in their ground state. As a result, the steadystate output two-photon state can be obtained by tracing out the system state; i.e.,
= lim t0→−∞,t→∞
Using Eqs. (12a)-(12b), Eq. (18) can be re-written as
Moreover, noticing that in the input-output formalism [20] , [21] ,
, the inner product on the the right hand-side of Eq. (19) can be expressed as
+ dp 1 dp
where the time-domain 2-photon basis for the input fields
has been used. (It should be noticed that the notation
in the time domain has been used in Eq. (21) .) The substitution of Eq. (20) into Eq. (19) gives
Next, we go to the frequency domain by applying the Fourier transform to the time variables t 1 and t 2 , respectively. According to Eqs. (5) and (14), we have
As a result, Eq. (23) becomes
Finally, we apply the Fourier transform to the time variables
Hence, in order to find an analytical expression for |Ψ out , we have to calculate the following quantities:
(26c)
B. A key lemma
In this subsection, we derive a key Lemma, Lemma 3, which will be used to derive the main result of this paper.
Define a matrix
where α is given in Eq. (1). It is easily found that the eigenvalues of the matrix A are −2κ − iω c and −iω c . Thus, A is not a Hurwitz matrix. In order to establish Lemma 3, we need to introduce two auxiliary lemmas. Lemma 1. The following three equations hold:
The proof of Lemma 1 is given in the APPENDIX. Define a matrix function
For the time domain function g G (t) defined in Eq. (30), we define its Laplace transform to be
Actually, by the form of g G (t), the Laplace transform
For the matrix A given in Eq. (27) , it can be shown that
Using Eqs. (3) and (32) we get
By Eqs. (31) and (33), we obtain
Lemma 2. The following two equations hold:
The proof of Lemma 2 is given in the APPENDIX.
Fourier transforming f L,i and f R,i with respect to the time variable p 2 yields
We are ready to present the following lemma.
.
The proof of Lemma 3 is given in the APPENDIX.
C. The steady-state output state
In this subsection, we present the main result of this paper, which gives an analytic form of the steady-state output twophoton state of the coherent feedback network driven by two photons, one in each channel, as shown in Fig. 1 .
The following lemma presents an expression for Eq. (26a).
Lemma 4. In the limit t 0 → −∞, Eq. (26a) can be calculated by
The proof of Lemma 4 is given in the APPENDIX.
The following lemma presents an expression for Eq. (26b).
Lemma 5. In the limit t 0 → −∞, Eq. (26b) can be calculated by
The proof of Lemma 5 is given in the APPENDIX.
The following lemma presents an expression for Eq. (26c).
Lemma 6. In the limit t 0 → −∞, Eq. (26c) can be calculated by
The proof of Lemma 6 is given in the APPENDIX.
On the basis of Lemmas 4-6, we are able to derive the main result of this paper. 
Proof. Define
By Lemmas 4-6 and the functions T LL , T LR , T RR defined above, it can be readily shown that the steady-state output field state in Eq. (25) (40) becomes
Substituting Eq. (49) 
Substituting Eq. (50) 
Substituting Eq. (51) into Eq. (48c) yields Eq. (47c). Corollary 1. In the limit κ → ∞, the steady-state output field state is
That is, the left-going output channel contains a single-photon packet ξ R , and the right-going output channel contains a single-photon packet ξ L . On the other hand, in the limit κ → 0, The steady-state output field state is
That is, the left-going output channel contains a single-photon packet ξ L , and the right-going output channel contains a single-photon packet ξ R .
Proof. By Eqs. (48a)-(48c), we have
Substituting Eqs. (54a)-(54c) into Eq. (46) yields Eq. (52). Eq. (53) can be established in a similar way.
Remark 2. On one hand, when the coupling strength κ is small, the interaction between the two-level systems and the input photons is weak. In the limit κ → 0, the right-(left-) going photon will be in the left (right) output channel. This interprets in Eq. (53) . On the other hand, in the strong coupling limit κ → ∞, each two-level system acts as a mirror so that each input photon is bounced back. This interprets Eq.
The following result presents a special case of Theorem 1.
Corollary 2. When ξ L = ξ R ≡ ξ; i.e., the input photons have the same pulse shape, the steady-state output two-photon state in Eq. (46) can be calculated by
Moreover,
Proof. Eqs. (56a)-(56b) are immediate consequences of Theorem 1 for ξ L = ξ R ≡ ξ. Eq. (57) could be established via conventional, though tedious, calculations.
Remark 3. It should be noted that Eq. (56a) does not hold for general input wavepackets.
D. The probabilities
Let P LL denote the probability of finding two photons in the left-going output channel b out,L , P RR the probability of finding two photons in the right-going output channel b out,R , and P LR the probability of finding one photon in each output channel, respectively. By Theorem 1, we have
In particular, when ξ L ≡ ξ R , by Corollary 2, we get
IV. THE SINGLE-PHOTON INPUT CASE
In this section, we show that the framework presented in the previous section can also be applied to the single-photon input case.
Let us assume that the left-going input field b L is still in the single-photon state b * L (ξ L )|0 L , but the right-going input field b R is initialized in the vacuum state |0 R . Then, the joint system-field state is
In the steady-state case (t 0 → −∞, t → ∞), the single photon is in the two output channels, leaving the two-level systems in their ground state. As a result, the steady-state output singlephoton state is
Notice that by Eqs. (12a)-(12b), we have
Moreover, similar to Eq. (20) , the inner product on the right hand-side of Eq. (59) can be re-written as
where the time-domain 1-photon basis for the input field
has been used. Substituting Eqs. (59)- (60) into Eq. (58) gives
As with the two-photon case, we go to the frequency domain by applying the Fourier transform to the time variables t 1 and t 2 , respectively. In the frequency domain, Eq. (61) becomes
Therefore, we have to calculate the following quantities:
(63b)
First, we consider Eq. (63a). By Eqs. (2b) and (35b) we have
Using (29), in the limit t 0 → −∞, Eq. (64) can be simplified to be
By Eqs. (64)- (65), we have
Next, we consider Eq. (63b). By Eqs. (2b) and (35b) we have
Using (29), in the limit t 0 → −∞, Eq. (67) can be simplified to be
By Eqs. (67) and (68), we obtain
Substituting Eqs. (66) and (69) into Eq. (62) yields the steadystate output two-photon state, which is
Substituting them into Eq. (70) yields
which are consistent with Eqs. (52)- (53). . This looks like a linear dynamics. Indeed, as shown in [56] , [41] , the interaction between a two-level system and a single photon can be fully analyzed in a transfer function approach. Unfortunately, as the coherent feedback network studied in this paper is only marginally stable, the linear transfer function approach in [56] , [41] is not applicable. However, as shown above, the general framework presented Section III indeed works.
Remark 5. It is worthwhile to notice that Eq. (72a) is consistent with [59, Fig. 3 ] for single-photon Fock-state scattering. That is, for strong coupling, a two-level atom appears as a mirror so that the input single photon is reflected. This is true even with the existence of a nonzero detuning ω c .
V. SIMULATIONS
In this section, we use an example to illustrate the results presented in this paper.
Let the two single-photon states be those in Example 1. In particular, they have the same pulse shape as given in Eq. (17) . By Corollary 1, we know that lim κ→∞ P LL = P RR = 0; in Fig. 2 . |T LR (ω 1 , ω 2 )| 2 with parameters γ = 1, ωo = 0, κ = 1.5, ωc = 0 (for the upper subfigure), and ωc = 3 (for the lower subfigure) other words, in the limit κ → ∞, there is one photon in each output channel. However, detuning changes this picture dramatically as demonstrated by Fig. 2 . Actually, if we let the detuning ω c = 2κ, then our simulations show that P LR decreases monotonically as κ increases, with the limit lim κ→∞ P LR = 0, or equivalently, lim κ→∞ P LL = P RR = 1/2. That is, the two photons simultaneously leave the network from either the leftor right-going channel. This is the famous Hong-Ou-Mandel (HOM) interference phenomenon. Therefore, detuning plays a significant role in the dynamics of this coherent feedback network.
The problem of two-photon, two-qubit scattering was studied in [36] , [60] , [31] . As the distance between the two qubits is taken into account, the system exhibits non-Markovian effects. The detunings of the two qubits are opposite, Ω 1 = −Ω 2 = Ω > 0, while the coupling strengths are assumed to be identical which are denoted by Γ in [31] . The numerical studies carried out in [31] show that, when Ω = 2Γ, the probability of finding one photon in each channel is smaller, compared to other ratios, [31, Fig. 3 ]. In our study, the effect of distance between two qubits on the dynamics is ignored, i.e., essentially we study a Markovian system. Moreover, the detunings are assumed to be identical. But same scalings between detuning and coupling strength give rise to similar result in two different settings.
VI. CONCLUSION
In this paper we have studied a coherent feedback network which consists of two qubits and is driven by two photons, one in each input channel. The explicit expression of the steadystate output two-photon state has been derived. It has also been shown that the proposed framework is applicable to the single-photon case. Numerical simulations have been given for illustration. The feedback network studied in this paper may serve as a first step toward practical photon-based quantum information processing on-chip.
APPENDIX PROOFS
Proof of Lemma 1. For the matrix A defined in Eq. (27), we have its matrix exponential
Thus,
where the matrix C is given in Eq. (3). Notice that
This, together with Eq. (2a), leads to
Integrating both sides of Eq. (75) from t 0 to t yields
Substituting Eq. (74) into Eq. (76), together with the commutation relations in (8), we get
Applying the Fourier transform to Eq. (77) with respect to the time variable r yields Eq. (28a). Adjoining both sides of Eq (28a), we get Eq. (28b). Finally, by Eqs. (6)- (8), it is straightforward to show that, in the limit t 0 → −∞, Eq. (29) holds. Proof of Lemma 2. By Eq. (9), Fourier transforming both sides of Eq. (76) with respect to the time variable t yields
First, we look at the second term on the right-hand side of Eq. (78). By Eqs. (5) and (74), we get
where the fact
has been used. Next, we look at the first term on the right-hand side of Eq. (78). Performing eigen-structure decomposition on iω − A gives
where the columns of the matrix
are eigenvectors of the matrix iω − A. Then
Consequently,
Substituting Eqs. (80) and (81) 
Using Eqs. (73)- (74), we obtain
Then we can get the frequency counterpart of Eq. (82), given by
which is Eq. (35b).
Proof of Lemma 3. By means of Eqs. (2a) and (36b) and the fact that σ z = 2σ + σ − − I, differentiating the vector functions
with re-spect to the time variable p 2 yields
By Eq. (29) in Lemma 1, we get
Using Eq. (28b) in Lemma 1, we obtain
(ω c + ω 1 ) + 2iκ
By Eqs. (28a) and (29) in Lemma 1, we have
Re-write Eq. (2a) in the Itô form,
whose initial condition are
We look at Π 11 (t) and Π 22 (t) first. By Itô calculus we have
have been used to get the last step. Therefore dΠ 11 = 2αΠ 11 dt, which, under the initial condition (88), has the trivial solution
Similarly, it can be shown that
We look at Π 12 (t) (which equals Π 21 (t)). By Itô calculus,
Eq. (91) yields
where Eq. (29) has been used. Moreover, by Eq. (28a), it can be shown that
and 
which in the limit t 0 → −∞ reduces tȯ
whose solution is
Proof of Lemma 4. By Eq. (2b) and Eq. (35b) in Lemma 2, we have
Firstly, we look at Eq. (99c). Notice
, the item in Eq. (99c) is in fact 0. Secondly, we look at Eq. ( 99e). By (29) in Lemma 1, in the limit t 0 → −∞, Eq. (99e) can be simplified to be
Thirdly, we look at Eq. (99b). Denote 
× f L,1 (ω 1 , p 2 , ν 1 , ν 2 ) + f L,2 (ω 1 , p 2 , ν 1 , ν 2 ) f R,1 (ω 1 , p 2 , ν 1 , ν 2 ) + f R,2 (ω 1 , p 2 , ν 1 , ν 2 ) .
Consequently, in the limit t 0 → −∞, Eq. (99a) becomes
In what follows, we calculate
(106) By Eq. (105),
∞ −∞ ∞ −∞ dp 1 dp 2 e −iω1p1 e −iω2p2
which is Eq. (41). Proof of Lemma 5. Similar to the proof of Lemma 4, in the limit t 0 → −∞,
f L,1 (ω 1 , p 2 , ν 1 , ν 2 ) f R,1 (ω 1 , p 2 , ν 1 , ν 2 )
For Eq. (108), we have
As a result,
which is Eq. (43) . Proof of Lemma 6. Similar to the proof of Lemma 4, in the limit t 0 → −∞,
thus, in the frequency domain Eq. (111) is
which is Eq. (45).
